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Introduction 

Let H be a finite-dimensional Hopf algebra over a field k, and M a left H- 

module. Let G = G(H*), the group of group-likes of H*. For each a 6 G let 

Mo = {a 6 M I h.a = (a, h>a, for all h 6 H}, if Mo # 0 then a is called a weight 

for M with weight space M, ,  and Mo = ~-~,eG M ,  is a (kG)*-module, that  is, a 

G-graded space. If M = A, an H-module algebra, then AG is a subalgebra of A 

and is a (kG)*-module algebra. This subalgebra was introduced in [BCM] where 

it was termed the subalgebra of semiinvariants, AG, generalizing a known notion 

for groups acting by automorphisms, or Lie algebras acting by derivations. 

A dual way of viewing M,  is by considering p, the induced coaction of H* on 

A, then: 

M ~ = p - l ( M |  and M c = p - I ( M |  

This dual view suggests the notion which we term K-semiinvariants, as follows: 

Let H be a Hopf algebra and K a subcoalgebra of H, let M be an H-comodule 

then the K-semiinvariants of M are: 

MK = p - I ( M  | K), a subcomodule of M. 

In this paper we study K-semiinvariants with special emphasis on the chain of 

the subcoalgebras Ci = AikG, where G = G(H), and for which MG is just the 

first term in a chain of H-subcomodules. Our results are sharpest for pointed 

Hopf algebras, that is, Hopf algebras for which all simple subcoalgebras are 1- 

dimensional. In this situation, {Ci} forms a filtration of H (termed the coradical 

filtration), and Mc~ form a comodule filtration of M. Pointed Hopf algebras 

occur in abundance: Group algebras, or more generally any cocommutative Hopf 

algebras over algebraically closed fields, enveloping algebras of Lie algebras and 

their quantizations [M, R], Sweedler's four-dimensional Hopf algebra (0.5), are 

all examples of such algebras. 

In Theorem 1.4 we prove that if H is pointed and A is an H-comodule algebra 

so that there exists a total integral ~: H --+ A, then A/A c~ is H-Galois (H-cleft) 

if and only if Ac is strongly graded (Ac /A  c~ is kG-cleft). 

On the Other hand, in Theorem 3.2 we show that if H is a finite-dimensional 

pointed Hopf algebra and A is an H-module algebra, then A # H  is a finite sub- 

normalizing extension of A. This yields a strong connection between A - Mod 

and A # H  - Mod. 
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On studying the chain Mc, we put special emphasis on the first two terms 

MG = Mco and Me1. The importance of C1 lies in the fact that it contains all 

the nearly (skew) primitive elements, these elements give rise to derivations and 

skew-derivations. We furthermore interrelate these comodule semiinvariants with 

module actions. This is especially emphasized when H is finite-dimensional. 

The paper is organized as follows: 

In section 1 we study semiinvariants of coactions under the assumption that 

there exists a total integral (which in the finite-dimensional case is equivalent to 

the existence of an element of trace 1 under the action of the dual). Such a total 

integral induces maps from A to AK, which for K = ka are projections (denoted 

by Tro) onto Ao. Using these projections we prove in Theorem 1.3 that there is 

a strong connection between A being H-Galois and AG being strongly graded. 

This culminates in 1.4 for pointed H. 

In section 2 we study the original point of view, that of semiinvariants of 

actions. For finite dimensional H we use here a combination of H-module or H*- 

comodule theoretic points of view. Of special interest are the elements t ~ E H, 

where t is a left integral, a E G(H*) and t ~ = a ~ t .  When A has an element 

of trace 1 these are the analogues of the maps 7to of section 1. We give explicit 

module-formulations for Mo, and Mk~^ko using these ideas. In Theorem 2.7 we 

use 1.3 when A/A H is H*-Galois and show that more can be said in the finite- 

dimensional case. For example, Ao ~ 0 for each a E G, and if H is semisimple 

then AG#(kG)* is isomorphic as an algebra to an algebra S c A # H .  In Theorem 

2.8 we carry this further and assume that A is an irreducible A#H-module  (this is 

true of course for A =division ring). Here we show that AG is a crossed product, 

and if [A : A H] = dimH then Aa = AH~tLkG. 

In section 3 we continue as in section 2 to study finite-dimensional H acting 

on A, and our interest lies in the categories of R - Mod where R = A, A H, AG 

or A # H ,  and their interrelations. When H is pointed there is an especially 

strong connection as a consequence of A # H / A  being a finite subnormalizing 

extension. This is summarized in 3.3-3.6. In a somewhat different direction we 

use categorical properties of the Morita context which arise for H-actions [as in 

CFM] to relax some of the conditions in Theorem 2.7. This is summarized in 

3.10-3.12, where we show various equivalences with quotient categories. 
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0. Pre l iminar ies  

Let H be a Hopf algebra over a field k with comultiplication A, counit ~ and 

antipode S. We use Sweedler's IS] "sigma" notation for A; that is: A(h) = 

hi | h2, all h E H. Let A be an H-module algebra, (we also say here that 

H acts on A). Form the smash product A # H  which is A | H as a vector 

space, and multiplication is defined by: (a#h) (b#g)  = ~ a ( h l  �9 b)#h2g, all 

a, b E A, h, g E H. Since A and H are embedded as algebras in A # H  we shall 

often write ah for a#h .  

Another related algebra is the subalgebra A H of H-invariants defined by 

A H = {a E A: h .  a = c(h)a, all h E H}. 

Moreover, just as in the case of automorphisms and derivations,a larger subalge- 

bra of A, Ac,  called the "semiinvariant" subalgebra, was introduced in [BCM]. 

Let 

G(H*) = {algebra homomorphisms fromHtok} = {a e H* I A(a)  = a | a}. 

Definition 0.1: Let M be a left H-module (or H-module algebra) and let a E 

G(H*).  Set 

M,~ = {a e A: h .  a = (a,h)a, all h e H}. 

If M~ ~ 0 then we call Mo the weight space of M with respect to a and so if G 

is finite then M c  = ~ Mo is a (kG)*-module (module algebra resp.). Moreover, 

if M = A is an H-module algebra then we can form A c # ( k G ) *  [CM] (usually 

unrelated to A # H ) .  Note that A H = A~ C A c .  

When H is finite-dimensional there is a dual way of viewing Mo by considering 

the induced H*-comodule (coaction) structure on M, which is given by: 

p : M - - * M |  v i a a - * E h i . a @ h * ,  a E M ,  

where {h~}, {h*} are dual bases of H and H* respectively. Conversely if M is 

an H*-comodule (algebra) with p: M --* M | H* denoted by p(a) = ~ ao @ al, 

then p induces a left H-module (action) structure on M by: 

h.  a = E ( a l , h } a o .  

Under the above it is straightforward to show that 

M o = p - l ( M |  and M G = p - I ( M @ k G ) .  
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Taking the dual view we shall consider M an H-comodule (algebra) and 

for certain subcoalgebras K of H the K-semiinvariants: M K  = p - I ( M  | K ) .  

Specifically, let us recall, that  if I, J are subcoalgebras of H, then I A J - 

A - I ( I  | H + H | J)  is a subcoalgebra of H containing both I and J. For 

I = kG,  where G = G ( H )  = {g �9 HI A(g) = g | g} (the so-called group-like 

elements of H),  setting Co = kG,  Ci = A ikG  = ( A i - l k G )  A k G  we get a chain of 

subcoalgebras: 

k C Co C C1. . .  

This chain is part of the coradical filtration of H IS], and contains some funda- 

mentally important elements. First a definition: 

Detinit ion 0.2: Let C be a coalgebra over k and G = G(C) .  Let a, v �9 G then 

x �9 C is said to be a: T nearly primitive if 

A(x) = x | 1 7 4  

(this relation implies that e(x) = 0). | 

Denote by P~, , (C)  = {a: T nearly primitive elements of C}. These elements 

play a central role in the study of certain quantum groups (see Examples 0.4 

and 0.5). When C = H is a Hopf algebra then the primitive elements of H are 

the 1 : 1 nearly primitives and the so-called a-primitives are the a : 1 nearly 

primitive elements. When H acts on A such elements give rise to derivations, or 

a-derivations respectively [KP,MS]. 

By definition, Po,, C C1, so analogously, for any i, let x �9 C satisfy: 

(,) A(x) - x | a - v | x �9 Ci-1  | Ci -1 ,  some a, T �9 G(C); 

then x E Ci by definition. 

These elements will be of central importance in this paper as well. To see 

this recall that a coalgebra is pointed if and only if its coradical equals kG,  

and then by [TW], if Ki  is any vector space complement of Ci-1 in Ci then 

Ki  = ~ , r e G  Ki,o,~ where K~,~,r = {x E Ki  satisfying (*)}. Since the elements 

of Ki,o,~ are "nearly-primitive mod C~_1", the above allows for using induction. 

We list the following which are either known or proved by induction. 
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LEMMA 0.3: Let H be a Hopf algebra, Ci = A i kG, i >_ 0 and C = U~>o Ci then 

(1) Ci is S-stable. 

(2) CiCj C C~+j, for all i , j  >_ 0 [M,I.1]. 

(3) C is a pointed sub-Hopf algebra of H IS,11.1.1] with bijective antipode (by 

[W]). 
(4) (Ci), the subalgebra of H generated by Ci is a pointed sub-Hopf algebra of 

C. 

Some examples of pointed Hopf algebras: 

Example 0.4: [M] The Quantum group H = Uq((2)). 

It is k[E, F, K, K -1] defined by the relations: K E  = q2EK, K F  = q -2FK,  
K 2 _ K - 2  

E F -  F E  = ~ .  It is a Hopf algebra by: 

A(E)  = E  @ K -1 + K | E, 

A(F)  =F | K -1 + K | F, 

A(K) = K  | K. 

Hence, K E G(H) and E, F E PK-I,K(H).  Similarly the Hopf algebra 

H = Uq(g), where g is a Kac-Moody Lie algebra of finite or affine type over 

C, is generated by {k~ 1, ei, fi} with certain relations concerning its multiplica- 

tive structure, where ki e G(H), and {el, f i}  C Pki-l,k,(H). 

Example 0.5: Sweedler's 4-dimensional (triangular) Hopf algebra, which is H = 

k[g, x] with relations: g2 = 1, x 2 = 0 and xg = -gx .  It is a Hopf algebra by: 

A(g) = g | g, A(x) = x |  + 1 |  Here g E G(H), x e Pg,I(H), and by 0.3 H 

is pointed. 

We also list some properties of P~,~(C): 

LEMMA 0.6: Let C be a coalgebra, and a, T �9 G(C) then: 

(1) Po,~(C) = (kT A ka) ~ Kere. 

( 2 )  - T �9 

(3) If  C is cosemisimple then P~,,(C) = k(a - 7-), in particular there are no 

primitive elements in C. 

(4) ^ k o  = �9 

H moreover C = H is a Hopf algebra then: 

(5) I f #  �9 G(H), then #P~,~(H) = Pu,#,~(H). 
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(6) S ( k T  A ka)  = ka  -1 A kv -1, thus in part icular 
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P ~ - I , o - , ( H )  = r - I P o , ~ ( H ) a  -~ = S ( P o , r ( H ) ) .  

Proof: We only prove (1) by generalizing [S, 10.0.1]. The  rest are known or 

can be deduced direct ly or from [TW] or (1). Let x �9 (kT A ka)  n Kere ,  then 

A ( x )  = Z |  some y, z �9 C. Applying id@e and e |  to this expression 

we get: re (y )  + z = x = y + e ( z ) a  and hence z = x - e(y)T,  and y = x - e ( z )a .  

Since e(x) = 0 we also get e(z) + e(y) = 0. Thus,  

S ( x )  = | u + z | = | ( x  - + ( x  - e 

and hence, since e(z) + e(y) = 0, we get A(x)  = T | X + X | a as claimed. 

The  following example  indicates tha t  cosemisimplici ty of H in (3) is essential: 

E x a m p l e  O. 7: Let k be a field of characteris t ic  2 and G = (a) a cyclic group 

of order 2. Let H = (kG)* (with basis Pl ,Po) ,  then  H is not eosemisimple and 

indeed po is a pr imit ive  element for 

1 |  + p o  | 1 = (Pl + P o )  @Po + P o  @ (Pl |  

= P l  |  + P c  |  = A(Pa).  

The  main  results of our paper  are concerned with A, an H-comodu le  algebra,  

where the coaction has special properties.  Let A c~ = p - l ( A  N 1), then  the 

extension A / A  r176 is said to be H - G a l o i s  [KT] if 

/3: A @AooH A ~ A | H 

given by a | b--*(a | 1)p(b) is a bijection. One may  also consider the m a p  

/3': A | A ~ A | H given by a @ b--*p(a)(b | 1). The  same proof  as [KT, 

1.2] implies tha t  when H has a bijective ant ipode  then /~  is bijective if and only 

if/3 ~ is bijective. Hence either definition is used in this paper .  W h e n  H is finite 

dimensional  and A is an H-modu le  algebra (hence an H*-comodule  algebra) then  

A c~ = A g and A / A  H is H*-Galois  iff the m a p  [ ,  ]: A | M A ~ A # H ,  given 

by a | b - - * ( a # t ) ( b # l )  where t is a left integral  of H ,  is surjective [CFM]. 

In  a somewhat  different direction, if A is an H-comodu le  a lgebra  we say t ha t  

there exists a t o t a l  i n t e g r a l  IDol] if there exists a comodule  m a p  ~: H ~ A 

so tha t  ~(1) = 1. When  H is f inite-dimensional and A is an H - m o d u l e  algebra 
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then by [CF] there exists a total integral qo: H* -~ A iff there exists c E A so 

that  t �9 c -- 1 (c is called an e l e m e n t  of  t r a c e  1). If H is semisimple then 1A 

is such an element. It was shown in IDol] that the existence of a total intergal 

qo: H ~ A is equivalent to A being an injective H-comodule. That  is, for an 

injective H-comodule map i: U --* V and any comodule map f :  U --~ A there 

exists an H-comodule map g: V -~ A so that  gi = f .  

Moreover, if there exists a right H-comodule map ~: H ~ A which is invertible 

in the convolution algebra Hom(H, A) then A is called H-c lef t  over A c~ By 

IBM] this is equivalent to A being a crossed product Ac~ 

When H is finite-dimensional and A is an H-module algebra then the above 

define a Morita context [CFM]: 

[A H, AHAA#H, A#HAAH , A#H] 

with defining maps: [ , ] as above, and ( , ): A ~A#H A --. A H given by 

a| (ab). Hence if both maps are surjective (that is, A/A H is H*-Galois and 

there exists an element of trace 1) then A H and A # H  are Morita equivalent. 

Example 0.8: A well known example of an action for which both maps are 

surjective is the action of H* on H (where H is finite-dimensional) given by: 

for a l l p E H * ,  h E H .  

The fact that the map [ ,  ] is surjective follows from [Do2], and the fact that  

( , ) is surjective follows since H is Frobenius, which implies that T--*t = 1, 

where T and t are left integrals of H* and H respectively. 
/ 

Example 0.9: Let G be a group, and A a kG-comodule algebra, that is A is G- 

graded and A c~ = A1. By [U], A/A1 is kG-Galois if and only if AgAg-1 = A1, 

for all g E G. (A is then said to be strongly graded by G.) For finite G, being 

G-graded is equivalent to being a (kG)*-module algebra [CM]. Since (kG)* is 

always semisimple, 1A is an element of trace 1. 

Finally, we recall from [C] and [CFM]; if A is an H-module algebra then, for 

all h E H,  a,b E A 

(0.10) (h. a)b = E h l  " (aS(h2). b). 
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If S is bijective, then 

(0.11) 

(0.12) 

a(h.  b) = E h 2 - ( S - I ( h l )  �9 a)b). 

ah = E h 2 ( S - ' ( h l ) ,  a). 

1. S e m i i n v a r i a n t s  o f  c o a c t i o n s  

Let H b e  a H o p f a l g e b r a o v e r  k, G - -  G(H) a n d C i  = AikG. Let A b e a n H -  

comodule algebra and AK = p - I ( A  | K)  the K-semiinvariants of A where K is 

a subcoalgebra of H. In this section we study the chain of semiinvariants 

AG = AGo C Ac1 C . . .  

which for pointed Hopf algebras yields a filtration of A. We prove that in the 

presence of a total integral there are strong connections between the extensions 

AG/A c~ A(c~)/A c~ and A / A  r176 which culminate in Theorem 1.3, one of the 

main theorems of this paper. 

The existence of a total integral gives rise to maps A--+AK which are projections 

for K = ka, a �9 G. We discuss these maps in the following lemma. 

LEMMA 1.1: 

by 
Let ~: H --* A be a total integral. Let h E H and define 71h: A -~ A 

7rh(a) = E a o ~ ( S ( a l ) h ) ,  for all a �9 A. 

Then, 

(1) p(~rh(a)) = E(h)  ~rhl(a) Q h2. 

(2) ~rh(1) = ~(h). 

(3) a = ~-~-(a) ~ral (no). 

(4) I f  K is a subcoalgebra of H then 

hEK 

(5) Let a E G and K = ka; then ~ro: A --* Ao is a projection (of AC~ 

(6) I f  H has a bijective antipode then ~r~(a) = ~ ~ (aS - la l )ao  satisfies (5). 

Proof." (1) p(rh(a)) = ~-~(ao | ai)p~(S(a2)h).  However, p~ -- (~ | id)A hence 

this equals 

E ( a o  | ai)[~(S(a3)hl)  | S(a2)h2] = E ao~(S(al )h l )  | h2 

= Z (a) | h2. 
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(2) follows from the definition of 71"h. 

(3) Let a E A, then a = ~aoe (a l )  = ao~(e(al)) = ~-~aoqo(S(al)a2) = 

(4) The inclusion 7rh(A) C AK, for all h E K, follows from (1) and the fact 

that K is a subcoalgebra. The converse follows from (3). 

(5) Restricting to K = ka we have by (3) that for a E Ao, a = 7to (a), and by 

(4) that Iro(A) C A~. Hence ~r~ is a projection onto Ao. 

(6) The proof is similar to the above. 

In the following proposition we study the chain of subcoalgebras Ci and we 

use Lemma 1.1 to show that although Ci and Ac~, unlike Co and AGo, are not 

necessarily subalgebras of H and A respectively, this can be improved in the 

presence of a total integral. 

Denote by iX) the subalgebra generated by a subset X. 

PROPOSITION 1.2: Let H be a Hopf algebra, A an H-comodule algebra and 

assume there exists a total integral ~: H --* A, then 

A(c,) = (Aci) ,  for ali i >_ O. 

Proof'. Since AciC_V(c~), the latter obviously being a subalgebra of A, we have 

(Aci lCA{c,) ,  for all i > 0. To prove the reverse inclusion, by Lemma 1.1 we 

must show that for all n, 

(,) Zrh(A)C_(Ac~), for all h E (Ca). 

Let h E (Cn) and denote by l(h) the minimal m so that h = k l ' "  kin, k~ E Cn. 

We induce on l(h). If l(h) = 1, then h E Cn, hence ~rh(A) C Ac~ C (Acn),  and 

we are done. So assume (.) is true for ail h E Cn, with l(h) <<_ m - 1 .  Let l(h) = m 

and write h = kh', where h' = k2""  km and k E C~, for some 1 < i < n. Note 

that if k E Co then kk2 E Cn thus l(h) = m - 1, so we are done by the induction 

assumption. We give a recursive formula for lrkh,(a), where k E Ci - Ci-1 some 

1 < i < n. Since C = U c~ is pointed (Lemma 0.3) it follows that S is bijective 

on C and from [TW] that k = y + ~ x ~ ,  y E C~-1, x~ E Ki .... some a,T E G. 

Thus for all a E A 

(**) =  yh,(a) + 
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Set x = x~; wi thout  loss of generality we may assume tha t  a = 1 for xh ~ = 
(xa-1)(ah ') and l(ah') -- m - 1. Thus A(x)  = x | 1 + T | X + ~~j Xj | yj, 

x j , y j  E Ci-1. This implies tha t  

A ( S - l x )  = 1 | S - I x  q- S - I x  | T -1 + E S- lYJ  | S - l x j '  

and hence, since p~ = (@ | id)A, tha t  

p , ( s - l x )  = 1 | s - I x  + , ( s - l x )  | + | s-lx . 
J 

Thus, for each a E A, 

~h' (~ (S - l x )a )  = ~ ( ~ ( S - l x ) ) o a o ~ ( S ( ( ~ ( S - l x ) ) l a l )  h') 

= ~ ao~((Sal)xh')  + ~ ~ (S - l x )ao~( (Sa l )Th  ') 

+ ~ ~ (S - l y j )ao~( (Sa l )x j  h') 

= ~ h , ( a )  + ~(S- ' x )~ ,h , (a )  + ~ ~(S- 'y j ) r ,~h , (a)  
J 

Hence 7r~h,(a) = ~rh,(~(S-lx)a) -- ~(S-'x)~rrh,(a) -- ~ ~(S-lyj)~rx, h,(a). 

Lemma 1.1.2 this implies tha t  

By 

~r=h,(a) e rh,(A) + 7rs-,=(A) + r~h,(A) + ~rs-,u, (A)~r=,h,(A). 

Note tha t  h ~, S - I x  and Th I all have length < rn - 1. 

Thus for k = y + ~ x ~ ,  y E C~-1 we can write ~rkh,(a) as a sum and produc t  

of elements of the form rzg(b), where b c A, l(g) < m -  1 and z E Ci-1.  

Continuing this procedure until z E Co, yields a presentat ion of ~kh' (a) as a sum 

and product  of elements of the form ~rg(b), where l(g) < m - 1, which by the 

induct ion assumption belongs to (Acn). 

The following can be deduced from the work of H.J. Schneider [Sc] who uses 

the method  of injective comodules and cotensor products.  This point  of view 

will be illustrated in 1.4.b which was suggested to us by the referee. We wish to 

thank  bo th  Schneider and the referee for their impor tan t  comments .  

We give explicit proofs using Lemma 1. More will be said about  1.3.2 in 3.12 

for finite-dimensional H.  
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THEOREM 1.3: Let H be a Hopf algebra over k, G = G(H) and Cn = AnkG. 

Let A be a comodule algebra and assume there exists a total integral ~: H --* A. 

(1) I f  A / A  r176 is H-Galois~and H has a bijective antipode then AG is strongly 

graded (i.e. AG/A  c~ is kG-Galois). 

(2) I f  Aa  is strongly graded then ( A c n ) / A  c~ = A(cn) /A  c~ is (Cn)-Galois 

for all n > O. 

Proof" (1) Let a E G(H) we must  show tha t  1 E AaAo-1.  Since A / A  r176 is 

H-Galois  there exist ai, bi E A so tha t  

Z a~obi (9 a i l =  1 (9 a. 

Hence ~-~as- l (a i l )  (9 aiob~ = 1 (9 1. Thus  ~-~.~(aS-lail)aiobi = 1. Tha t  is 

~ ~r~(ai)bi = 1, where ei = ~ ( a i )  E Ao. 

Hence 
1 ---- 71"1(1 ) ---- 7rl(~-~eibi) 

-- ~ c~bio~oS(abil), ( since ci E Ao) 

=  c biov(S(b  )  -1) 

= ~ C~ro-~ (bi) E AoA~-~. 

(2) Assume A a / A  r176 is kG-Galois. We prove by induction on n tha t  the 

map  fl: A(cn) (gAr A(c~) -~ A(c.)  (9 (C~), given by fl(a (9 b) = (a (9 1)p(b), is 

surjective. This is true for n = 0 by hypothesis, so assume it is t rue for n -  1. We 

want to show that  for all k E (Cn), 1(9k is in Imfl .  If  l(k) = 1, i.e. k E C~, then 

by [TW] write k = y +  ~ x  . . . . .  where y E C n - i ,  x . . . . .  E K ,  . . . .  some a,T E G. 

Now, 1 (9 y E I m / 3  by the inductive assumption,  thus put  x = x~. We want to 

show tha t  1 (9 x E I m  ft. 

Let A(x)  = a (9 x + x (9 T + ~ Xj (9 yj, x j , y j  C Cn-1; then A ( a - l x )  = 

1 @ a - i x  + a - I x @ a - I T  + ~ X ~  | x~,y~ E C~-I hence 

p o ~ ( a - l x )  -- (~ | id) o A ( a - l x )  

--  1 (9 a - i x  + ~o(o-lx) @ (T-1T n t- ~ ~o(x~) @ y}. 

Thus 

and 

1 (9 a-ix - -  p(~o(( : r - lx)  - ( p ( o - l x )  ( 9 0 - I T  -- ~ ~o(x~-) (9 yj  

1 | x = (1 @ a)p(~o(a-lx) - @(o'-lx) @ 7" -- ~ ~(X;) (9 frye. 
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Since 1 | a EIm/~ by hypothesis, we get that the first summand is of the form 

~-~(a~ | 1)p(b~)p(qo(a-lx)) = ~ ( a i  | 1)p(b~qo(a-lx)), some a~, b~ �9 AG. This in 

turn belongs to Im/3 since bi~(a- lx )  �9 A(c~) by 1.1. The second summand is of 

the form ( ~ ( a - l x )  | 1)(1 | T) and 1 | T �9 Im/~, hence the product is in Imp.  

The third summand is in Im/3 by the inductive assumption. Thus we have 

proved the claim for k �9 Cn. Now induce on l(k). Assume it is true for h ~ with 

l(h') < m - l ,  and write h = kh ' ,k  �9 Cn, h' �9 (Cn}, l(h') = m -  1. Then 

1 @ h t = ~ ( a i  | 1)p(bi), some ai,bi �9 A(c.);  thus 

1 | h = (1 @ k)(1 | h') = E ( a i  | k)p(bi) 

= Z ( a i  | 1)(1 | k)p(bi). 

By the previous step, 1 | k = ~'~(cj | 1)p(dj), hence the above equals 

~(a ic j  @ 1)p(dj)p(bi) E Imj3, and we are done. 

Finally, fl is injective since its restriction to the socle is injective. To see this, 

note that socle(A(c~) ~Ar A(c~)) = A(c,)  | AG = A(c,) | AG| c~ AG, 

and the restriction of ~ to the latter is invertible by assumption. 

We end this section by specializing to certain Hopf algebras. Recall that the 

coradical of a Hopf algebra is the sum of its simple subcoaglebra. 

THEOREM 1.4: Let H, G, A and ~ be as in 1.3, then: 

(1) I f  H is a pointed Hopf algebra then A / A  c~ is H-Galois if and only if A c  

is strongly graded by G. 

(2) I f  H is a Hopf  algebra such that the coradical R is a Hopf subalgebra of H 

then A / A  c~ is H-def t  if and only if AR /A  c~ is R-deft.  

Proof: (1) follows from Theorem 1.3 and Lemma 0.3. 

(2) can be deduced Theorem 1.3, [Sc. 2.1] and [DT]. Directly, using the fol- 

lowing proof of the referee, suppose A R / A  c~ is R-cleft. Thus there exists an 

invertible R-comodule map ~: R ~ AR. 

Since A is an injective H-comodule the following diagram can be completed 

by an H-comodule map g2: H -* A: 
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0 , R  * H  

A 
By [T] this �9 is invertible (under convolution), since ~[R = r is invertible. 

Hence A / A  c~ is H-cleft. The reverse direction is easy. 

More about actions of pointed Hopf algbras will be proved in the next sections. 

2. Semi invar iants  o f  act ions  

In this section assume H is a finite-dimensional Hopf algebra. If M is a left 

H-module then it is a right H*-comodule, so section 1 applies, though in certain 

cases we give a more illuminating module theoretic description. First, some 

connections between the module and comodule structures via the left integrals 

t, T of H and H* respectively. Let A E G(H*) and A E G(H) be the distinguished 

group-likes, that is th = t(A, h), all h E H, and Tx  = T(A, x) all x E H*. 

LEMMA 2.1: Let M be a left H-module and A an H-module algebra, then: 

(1) For all h E H, x E H* 

h(x---.at) = E < S - l x l ,  h>x2--+t , 

and 

(x---+t)h= E ( A S - l x 2 ,  h>Xl-+t; 

(2) i f x  E H* and m E M then 

p((x--+t), m) = E ( x 2 - - * t ) . m  | S-1$1; 

(3) i rA  contains an element c of trace 1, and p(a) = ~ a~ | xi, then 

a = E(Sx{- -* t )"  (cai). 

Proof." 

(1) 

h ( x ~ t )  = Ex2--+((S-lxl--+h)t)  (by 0.11) 

= 

--'~ E X2-'+(S--lxl' h)t. 
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The other formula is proved similarly via 0.10: 

p((x~t ) ,  m) = ~ h~(x--,t).m | h; 

(2) = E ( x 2 ~ t )  " m | E < s - l x , ,  hi)h* (by (1)) 
i 

= ~(=2- - , t ) .  m | S-ix1. 

a = ( t . c ) a =  E t l . ( c S t 2 . a )  (by0.10) 

= ~ - ~ t , . ( c ~ < x , , S t 2 ) a , )  
i 

(3) = ~ ( x , ,  s t~)t , .  (~a,) 
i 

= Z ( S x , - - , t ) .  (~a~). 
i 

Recall the notation: ME = p - I ( M  | K).  

COROLLARY 2.2: Let M be a left H-module, A a left H-module algebra and K 

a subcoalgebra of H*; then: 

(1) HK = S ( K ) ~ t  (where H is a left H-module by multiplication) and HK is 

an ideal of H. 

(2) HK.  M C MK. 

(3) I rA  contains an element of trace 1, then HK . A = AK = ~-~kcK zrk(A). 

Vroo~ (1) By 2.1.(2) with m = 1, we get for x C K,  

p ( S ( x ) ~ t )  = Z ( s ( x , ) ~ t )  | x2 �9 H | K. 

Thus S(K)---*t C p - I ( H  @ K)  = HK. Conversely, let h �9 HK, and let p �9 H* so 

that  S(p)---*t = h. Then as above, 

p(h) = p(S(p)---*t) = E(S(pl)---*t) | �9 H | K, 

hence p �9 K and so h �9 S ( K ) ~ t .  The fact that HK is an ideal of H follows 

from 2.1(1). 

(2) follows from 2.1(2). 

(3) follows from 2.1(3), and from 1.1. 

Specializing to K = ka, and denoting a--*t = t ~ we have: 
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COROLLARY 2.3: Let  M,  A be as in 2.2 and a �9 G(H*)  then: 

(1) kt a-~ = p - l ( H N a )  = { x � 9  I h x = < a , h > x ,  a l l h � 9  = H~, an ideal 

o f  H.  

(2) t ~ 1 7 4 1 4 9  I h . m = ( a , h > m ,  a l l h � 9  

(3) I r A  contains an d e m e n t  of  trace 1 then t ~ �9 A = Ao. 

Specializing to K = k r  A ka  we have analogously: 

PROPOSITION 2.4: Let  M , A  be as in 2.2, and a ,T  C G(H*) .  Denote  M~,~ = 

Mkr^kcr, then: 

(1) Mo,,  = {a �9 M l p(a) = a @ a + ~-~ bi @ xi, wherebi �9 Mr,  xi �9 Po,~(H*)}.  

(2) M~,~ = {a �9 M I rq . a = <r, r>q . a + <a, q>r . a -  <r, r> <a, q)a all r, q �9 H }. 

(3) ( ( ka  -1 A kT-1)-+t)  �9 M = Ho,,  . M C M . . . .  

(4) I r A  contains an element  o f  trace 1, then H~,r . A = Ao,~ = ~ hC k~ ̂ k~ rr h ( A ). 

(5) Ho,r = (ka  -1 A kr-1)--*t  is an ideal o f  H ,  

Ho,~-*T = Ho,~--*H* = kT A k~7 

and (Ho,r) ~' = Ho~,-1,r~,-x, for all p E G(H*) .  

(6) S(Ho,r)  = H(~r) - l , (xo) - l ,  where A is the group-like associated with t. 

Proof." (1) Since k r  A ka  = ka  @ Pa,~(H*) we must  show tha t  if 

p(a) = a' @ a + ~ b i  @ xi, 

where {x i}  are linearly independent  elements  of Po,r(H*),  then a = a' and 

bi E Mr.  First ,  since a = ( id |162 and since r = 0 we get a = a'. 

Next we show tha t  p(b~) = bi | r, and hence bi E Mr.  Well, (id |  = 

a |  |  + ~ b i  | [xi |  + T | while 

(p | id)p(a)  = p(a) | cr + ~ p(bi) | xi 

= + 

Since ( i d |  = (p | id)p(a) ,  we get ~ b i  @ r @ xi = ~ p ( b i )  | xi and 

hence tha t  p(bi) = bi | 7- for each i. 
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(2) Let a belong to the right hand side and let {hi}, {h*} be dual bases of H 

and H* respectively, then 

(id | A)p(a) ----(p | id)(p(a)) = E hihj .  a | h* @ h; 
ij 

= ~-~(T,h~)hj . a | h* | h; 

+ Z< ,Mh, a| oh; 

- E ( T ,  hj>(a , hi>a | h* @ h~ 
i , j  

= E h j ' a | 1 7 4  

+ E h i .  a ~ h *  | 1 7 4  

= E h, . a |  [h* |  + 7 |  h*l - a | 1 7 4  

Hence p(a) C M | (kT A ka), and so a e M . . . .  

The reverse inclusion is straightforward using (1) and the connection between 

p and the action. 

(3) and (4) follow directly from 2.1. 

(5) Ho,~ = S(kT A k a ) ~ t  (by 2.2) 

= (ka -1 A kT-1)--+t. 

Ho,~ is an ideal of H by 2.2. Now, since H* is an H-module  algebra with an 

element of trace 1, 2.2 applies with p = AH*, and thus H,,~--+H* = H~,^k o. 

But kT A ka is a subcoalgebra of H*, hence 

kT A ka = p- ' (H* | (M- A ka)) = H;~^k ~. 

We have shown that  H~,~--~H* = kT A ka. 

Since H* = H ~ T ,  and since Ho,, is an ideal of H,  we have also 

H ~ , ~ T  = kT- A ka. 

Finally~ since H~,~ = (ka -1 A kT-1)--*t we have 

(Ha,,)" = p(ka -1 h kr-1)--+t 

= (ktta -1 A k#T-1)---~t 

= g o . - l , . ~ , - 1 ,  



296 M. COHEN ET AL. 

(H~-~,a-~-~T)--*t = (ka  -1 A kT-1)--*t (by 5) 

(6) = p - i ( s  | (kT A k(7)) 

On the other hand, by [CF, 0.5] 

Thus 

Isr. J. Math.  

( H ~ - , , a - l - * T ) - ~ t  = S - I ( ( H ~ - I , a - , ) ~ ) .  

S(H~,~) = (H~- , ,~ - I )~  

= H~-,~-1,~-,~-1 = H(~)-l,(xa)-~ (by (5)). 

LEMMA 2.5: Let  H be a f inite-dimensional H o p f  algebra, and a E G. Le t  A be 

an H - m o d u l e  algebra. Then: 

(1) I r a  ~ e then (a , t )  = 0 and so i f  T E G and T ~ a then t~t a = O. 

(2) I f  x E A,  y E Aa then for ali h E H,  h . (xy)  = (h a �9 x ) y  (thus A y  is an 

H-s tab le  left ideal o f  A).  

(3) I f  x E A~ is invertible in A then x -1 E Aa-~.  

(4) t a . A ~ = 0 i f a ~ v  -1.  

(5) H A  contains an element c o f  trace 1, then [or ali a E A,  t a . A = Aa-~,  

moreover ra(a)  = (A, a) t  a-~ �9 (ac) (where A is the dist inguished group-like 

associated with T ). 

Proof: (1) For all h E H,  (a, ht) = (a ,h ) (a , t ) .  However, (a, ht) = e (h) (a , t ) .  

Thus if (a,t) ~ 0, then (a,h) = e(h), all h E g .  That is a = e. Thus (a,t)  = 0 

as claimed. Now if T ~ a then t~t ~ = (a -1,  t~)t a. But (a -1, t ~) = ( a - lT ,  t) = O, 

since a-- lT ~ r 

(2) Let h E H ,  x E A ,  y E A ~ , t h e n  

h. (xy) = x)(h2,  y) 

---- Z ( h l .  x)(o', h2)y : (h a.  x)y. 

(3) Let x E Aa be invertible in A, and let h E H. Then 

( a - i , h )  = e(h a-~) : h a-~ . 1 = h a-~ . ( x - i x )  

-- ( ( ha - ' )  " . x - 1 ) x  (by (2)). 

Hence (a -1,  h) = (h .  x - 1 ) x ,  which implies that h- x -1 = (a -1, h)x  -~.  That 

is  X - 1  E Aa-a. 
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(4) Let  x �9 A~, then  t ~ . x  = <T, ff>X = <aT, t>x. So if aT r e, <a%t> = 0 (by 

(1)) and hence t ~ �9 x = 0. 

(5) By [CF] i f a  �9 H ,  then  p(a) = ~-~tl . a |  S-I(t2--~T) and ~a: H* --~ A is 

defined by ~ ( T )  = e, hence 

= E ( t l  " a)~a(SS-l(t2---*T)a) 

E ( t l  . a)~a( (t2---*T)a) 

 (tl. (by 2.1) 

 (tl . a><A, a> 

<A, a> E ( t l .  a ) ( t2 .  ~(T))<t3, a - l >  

<A, a>t �9 (ac). 

More can be said if H is semisimple.  

LEMMA 2.6: Let H be a finite-dimensional semisimple Hopf algebra. Then: 

(1) { t ~  is a set  of  orthogonal idempotents. 

(2) For each a E G, t ~ �9 A = Ao-1. 

Proof: (1) By 2.1 the set is orthogonal .  So it remains  to be seen t ha t  t ~ is an 

idempotent .  This  is immedia te  f rom the fact tha t  t is an  idempoten t  and t-~t ~ 

is an au tomorph i sm.  

(2) Follows f rom 2.3 since 1 �9 A is an element of t race  1. 

The  following deals wi th  the s i tuat ion of Theo rem 1.3 for f ini te-dimensional  

H.  Some more  can be said here. 

THEOREM 2.7: Let  H be a finite-dimensional Hopf algebra over a field k, acting 

on A so that A / A  H is an H*-Galois extension; then: 

(i) Ao ~ 0 for all a �9 G = G(H*). 

I[moreover A has an element  of t race 1, then: 

(ii) A c  is strongly graded.  

(iii) The  algebras  A H, A # H  and A c # ( k G ) *  are Morita equivalent. 

(iv) I[ H is semisimple then AG#(kG)* is isomorphic as an a lgebra  to an a lgebra  

S C A # H  where 1s = ~ o e c  t~ (hence S is not necessarily a subalgebra 

of A # H ) .  

Proof: (i) Since A / A  H is H*-Galois ,  let {x~,yi} C A be such tha t  ~x~ty~ -- 1 

in A # H .  Thus  we have ~ x~ff'y~ = ( ~  x~ty~) ~ = 1 ~ = 1, Applying  this to 1A 
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we get: 

(*) E xit~ ' yi = l, for e a c h a E G  

Thus, t ~  ~ 0 for eachcr E G. However, by 2.3, t ~ - A  C Ao-1, and hence 

A~ ~ 0 for all a E G. 

(ii) follows from 1.3. 

(iii) By (ii) and [CM] Ac#(kG)*  is Morita equivalent to A1 = A H. By hypoth- 

esis A # H  is Morita equivalent to A H as well, hence A # H  is Morita equivalent 

to Ac#(kG)* .  

(iv) Let H be semisimple; then by 2.4 {t~}~eG C H is a set of orthogonal 

idempotents. Denote by ar an element of At. Then 

t a �9 a~ = ~ a~ if T = a - l ,  
[ 0 otherwise. 

Let {P~}oec denote the basis of (kG)* dual to the basis {a}~ec of kG. Let 

f: AG#(kG)* --~ A # H  be defined by 

f: a~#pa --+ a~t a-1 , all a, T E G, all a~ E A~. 

We claim that f is multiplicative. To see this recall [CM] that 

Hence 

{ a~-at,#p~, 
(a~#p , , ) (a ,#p~)= O, 

f ( (a~#p~)(a ,#p~))  = ~ a~a~ t~-l,  
[ 0 ,  

if tt = aA -1, 
otherwise. 

if # = aA -1, 
otherwise. 

It is now straightforward to check that  this equals f (a~#po) f (au#p~) .  

By freeness of A # H  over A and 2.6(1), f is injective. So AG#(kG)*~-alg I m f  

-- S. Note that l s  = ~ c a  t~ which may very well be different from 1A. 

Let us apply the above to a situation described in [CFM, BeCF]. 

THEOREM 2.8: Let H be a finite-dimensional Hop[ algebra acting on A. Let 

G = G(H*) and ~ = {a C G: Ao ~ 0}. I rA  has no H-stable left ideals (i.e. A is 

an irreducible A#H-module) ,  then: 

(i) �9 is a subgroup of G. 

(ii) AG = A H # ~ k ~  (where # is an invertible normal cocycle) and.A ~ is a 

division ring. 

(iii) If  moreover the right dimension of A over A H = dimkH, then ~ = G and 

so A c  = AH#~kG.  

(iv) I f  H is pointed and r = G then A = A H # v H .  
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Remark: If A = D is a division ring then it is an irreducible D # H - m o d u l e ,  

hence by Theorem 2.8, Da = DH~t, kO. If [D : D H] = dimkH then DG = 

DH #/=t, kG. 

Proo~ (i) Let a 6 r then for each 0 # x~ 6 A~, Axo is by Lemma 2.5 an H-  

stable left ideal of A, hence equals A. Thus each 0 # xo 6 Ao is invertible in A 

and so by Lemma 2.5 (x~) -1 6 A~-I.  Let a, T �9 �9 then 0 # x~(xo) -1 �9 Ar~-~ , 

implying that  va  -1 �9 O. Thus �9 is a subgroup of G and AG is graded by ~I, so 

that  each A~ contains an invertible element of AG. 

(ii) A H is a division ring by [BeCF]. Since each Ao contains an invertible 

element of AG, IDa] implies that  Aa  is a crossed product, AG = AH#~kO, some 

normal invertible cocycle #. 

(iii) Finally, if [A : A H] = dimkH, then by [BCM 3.3], A/A H is H*-Galois 

hence r = G by 2.7. 

(iv) By (ii) AG is kG-cleft, hence by 1.4 A is H-cleft. 

3. M o d u l e  c a t e g o r i e s  

If R is a ring, then R-module will mean a left-R module, denoted by RM and 

the category of R-modules will be denoted by R - Mod. In this section we 

consider connections between A H, A, AG and A]pH - Mod. First, we show that  

as in the previous sections, pointed Hopf algebras lead to a particularly nice such 

connection. Starting with H = kG, G a finite group, it is a fact that  A C A # H  

is a finite normalizing extension that  leads to a strong connection between A 

and A # H  - Mod [LP]. On the other hand, if L is a restricted Lie algebra acting 

as derivations on A, char(k) = p # 0, then A#u(L)  (u(L) = the restricted 

enveloping algebra) is a finite subnormalizing extension of A [W, 1.1.3], which is 

sufficient to give strong connections between A and A # H  - Mod [Q]. 

Definition 3.1: Let R be a subring of a ring S, then R C S is said to be a f in i te  

s u b n o r m a l i z i n g  e x t e n s i o n  (or triangular extension [L]) if there exists x~ 6 S so 
n n J X" J = = ~-~=I x~R. that  S ~i=1 Rxl = ~ = 1  xiR, and for each 1 < j < n, ~ = ,  R , 

| 

In the following proposition we use coradical filtrations as in the previous 

section. We wish to thank D. Quinn for his suggestion concerning the above. 

THEOREM 3.2: Let H be a finite-dimensional pointed Hopf algbra acting on A. 

Then A # H  is a finite subnormalizing extension of A. 
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Proof: We will construct by induction a k-basis of H,  { x l , . . . , x n }  such that 
J A J = E i = I  Axi,  <_ n . . . .  ~-~i=l xi 1 j < Let G G(H),  and kG Co C . . .  C Cm 

H be the coradical filtration of H. 

First, G forms a k-basis for kG, which clearly normalizes A in A#/:H. So 

let { x l , . . . , x t }  = G and assume that a basis { X l , . . . , x , }  of Ci-1 has been 
J A J = ~i=1 Axi,  , r. constructed including {Xl , . . . ,  xt } such that ~-'~i=1 xi j = 1 , . . .  

Since Ci --- Ci-l@~--~ Ki,~,~ let x E Ki,~,~, that is A(x) = x | 1 7 4  um| 

where Um,Vm �9 Ci-1. By (0.12), for all a �9 A, h �9 g ah = ~-~h2(S- l (h l ) .a ) .  

Thus for h = x, we get 

ax = o - ( S - l ( x )  �9 a) Jr- X(T -1 .  a) Jr- Z Vm(S-l('am) " a). 

On the other hand, 

xa = (x.  + ( r .  a)x +  (um . a)vm. 

~;-.r+l 
Thus setting X~+l = x, we have: Ax~+l E z--,n=l xnA and x~+lA E ~-':~+11= Axn.  

If Ci = Ci-1 -[- kXr+l, we are done. If not, take xr+2 E Ki,a,r\(Ci-1 -t- kXr+l), 

some a, ~- C G, and continue as above. The procedure will stop since H is finite- 

dimensional. 

COROLLARY 3.3: Let H be a finite-dimensional pointed Hopf algebra acting on 

A. Let M E A # H  - Mod. Then: 

(i) I r A # r i M  is Noetherian, then A M  is Noetherian. 

(ii) I r A # r i M  is Artinian, then A M  is Artinian. 

(iii) I f  A # H M  has a Krull dimension, then A M  has a Krull dimension, and the 

dimensions are equal. 

Proof: By Theorem 3.2 and [L, theorem 1.2]. Also see [W], [L] where many 

other properties were proved for subnormalizing extensions. 

In the following we use 3.2 and a Hopf algebra version of the technique used 

by [CQ]. 

COROLLARY 3.4: Let H be a finite-dimensional Hopf algebra acting on A, and 

assume H* is pointed, A / A  H is H*-Galois. and A has an element of trace 1. Let 

M C A - Mod, then: 

(i) H A M  is Noetherian, then A n M  is Noetherian. 

(ii) I f  A M  is Artinian, then A n M  is Artinian. 
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(iii) I f  A M  has a Krull dimension, then AH M has a Krull dimension, and the 

dimensions are equal. 

Proo[: We prove only (i); the rest follow similarly. 

Since the induction functor 

A # H  | -- : A - Mod - * ( A # H ) # H *  - Mod 

is an equivalence of categories, it follows that  A # H  | M is Noetherian as an 

( A # H ) # H * - m o d u l e .  By 3.3, and since H* is pointed, A # H |  M is Noetherian 

as an A#H-modu le .  But we have 

(1) A |  M - A| (A@A M) ~ ( A |  A) | M. 

On the other hand, since A / A  H is H*-Galois, then as mentioned in section 0, 

[ , ]: A | A --~ A # H  is an isomorphism of A#H-modules .  Hence: 

(2) [ , ] @ 1M: (A @AH A) @A M --~ A # H  @A M 

is an isomorphism of A # H  modules, and the composition of (1) and (2) gives 

an isomorphism of A # H  modules A | M ~- A # H  | M,  which is functorial. 

Thus A | M is a Noetherian A#H-modu le .  Since the induced functor 

A | --: AH -- Mod --* A # H  - Mod 

is an equivalence, by hypothesis, we conclude that  A H M is Noetherian. 

We remark here that  for Hopf algebras which are not necessarily pointed, it 

was shown in [C1] that  if the action of H on A is inner then A C A # H  is a 

centralizing extension, and an analogue of 3.3 was proved using this fact. 

Since cocommutative Hopf algebras over an algebraically closed field are poin- 

ted, 3.2 applies. We ask whether the condition on the field can be omitted, and 

more generally: 

Question 3.5: Let ( H , R )  be a finite-dimensional quasitriangular [D] Hopf 

algebra over a field k, acting on A; is A C A # H  a subnormalizing extension? 

| 

Subnormalizing extensions were considered in [Q] with applications to actions 

of u(L); analogous proofs can be applied to the following, resulting from 3.2. 
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COROLLARY 3.6: Le t  H be a finite-dimensional pointed Hopf algebra acting on 

A, then: 

(1) A # H  is fully integral over A (that is, given r l , . . . , r m  E A # H  we get  

r l r2 . . ,  rm = r where ~b is a sum of  A-monomials in the ri of degree less 

than m). 

(2) I f  Q is an H-prime ideal of A and P is a prime ideal of A # H  with P N A  C Q, 

then there  exists a p r i m e  ideal P'  of A # H  with P C P' and  P '  N A = Q 

(i.e. there  is a "going up" property). 

We end this  sect ion by consider ing a connect ion  be tween A a # ( k G ) *  - M o d  

and  A # H  - Mod when some of the  condi t ions  are relaxed.  

We will  use the  following resul t ,  due to  P. Gabr ie l .  

LEMMA 3.7 ([Fa] P ropos i t i on  15.18): I f  F: B - Mod --, A - Mod  has  a right 

adjoint G, such t ha t  F o G --- 1A -- Mod canonically, and F is an exact functor, 

then 

K e r ( F )  = ( X  E B -  M o d :  F ( X )  = 0} 

is a localizing subcategory of B - Mod and F induces an equivalence 

B - M o d / K e r F  ~ , A - M o d .  

We begin  wi th  the  following s imple  resul t ,  which might  be  known. Never the-  

less, since we have not  been  able  to  find a reference, we include a p roof  and  a 

consequence.  

PROPOSITION 3.8: Let (A, B,A PB,B QA, a, /3)  be a Mor i t a  context 

a : P |  a ( p |  

~ : Q |  B 13(q@p)=(q,p) .  

Suppose a is surjective. Then F = PB @ - : B - Mod- -*A - Mod  induces  an 

equivalence B - M o d / K e r ( F )  ~ , A  - Mod  (i.e. A - Mod  is equivalent with a 

quot ien t  of B - Mod) .  

Proof." We will  app ly  L e m m a  3.7 to  F .  By [Fa] 11.2.7.3 PB is pro jec t ive ,  hence 

fiat,  so F is exact .  F has a r ight  ad jo in t  

G = HomA(P ,  --):  A - M o d - - * B  - M o d .  
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The canonical morphism, for all M �9 A -  Mod, from F G ( M )  = 

P |  HomA(P, M)  to M sends p | f to f (p ) .  Let us show it is an isomorphism. 

Let ui, vi be such that  ~ [u i ,  vi] = 1 (ui �9 P, v~ �9 Q), 

r P @B HomA(P, M) --* M r  @ f )  = f (p ) .  

Define qo: M --* P | HomA(P, M) by 

where m E M and f~(p) = ~o, v~]m Vp �9 P.  Clearly all f i ' s  are A-linear. Now if 

m �9 M, (tb o qo)(m) = r  | f l)  = E f i ( u i )  = E [ u i , v l ] m  = m.  

If p | f �9 P | HomA(P, M),  then 

(~ o r  |  = ~ ( / (p ) )  = ~ u~ | y~ 

where 
f~(p') = [p', v~]f(p) = f([p ' ,  vi]p) 

= f (p ' (v~ ,p) )  = ( ( v , , p ) f ) (p ' ) ,  for a l lp '  E P, 

so A = ( v i , p ) / .  

Thus 

(qo o @)(p @ f )  = E ui | ( v , , p ) f  = E u , (v i ,p )  | f 

= Z [ u , ,  v @  | / = p | I, 

and we are done. 

COROLLARY 3.9: Let  (A, B, P, Q, ~,/3) be a Morita context  wi th  (~: P | Q --+ A 

surjective. Then ~ is surjective r PB is fai thfully fiat. 

P r o o f  
/3 is surjective r | -- is an equivalence r 

r Ker (Ps  | - )  = {X E B - Mod: P | X = 0}  = 0r 

'U~PB is faithfully flat. 

We remark that  Corollary 3.9 provides a new proof for [KT, 1.9, (1)~(5)] .  

COROLLARY 3.10: I f  H is finite dimensional and A is an H - m o d u l e  algebra, 

then: 

(i) f f  A / A  H is H*-Galois,  then A H - Mod/C = A # H  - Mod. /'or some local- 

izing subcategory  C o f  A H - Mod. 
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(ii) I rA  has an element of trace 1, then A H - M o d  ~ A # H -  Mod/C ~ for some 

localizing subcategory C ~ of A # H  - Mod. 

Proof'. Recall (A H, A # H ,  A, A, a, 8} a: A @AI-I A --* AH,  fl: A @A#H A -+ A H 

is a Morita context, and a is surjective r  H is H*-Galois, and ~ is surjective 

r has an element of trace 1. Apply now Proposition 3.8, and we are done. 

Recall that if A / A  H is H*-Galois and A has an element of trace 1 then A H 

and A # H  are Morita equivalent. Corollary 3.10 shows what happens if we drop 

one of the conditions. We remark that the proof of (i) is a different proof for 

Corollary 2.3, (i) of [CRVO]. Assertion (ii) is a generalization of Corollary 2.3 (ii) 

of [CRVO], where H was assumed to be semisimple. The new approach makes 

these results completely symmetric (see also [ZVO]). 

Corollary 3.2 of [CRVO] states that if H is finite dimensional and semisimple, 

then AG#(kG)* is equivalent with a quotient category of A # H  - Mod. The 

following is a dual version of this result. 

COROLLARY 3.11: I f  A / A  H is H*-Galois, then A # H  - Mod is equivalent with 

a quotient category o f A a # ( k G ) *  - Mod. 

Proo~ Denote A a # ( k G ) *  = P and AG = S. We have the following Morita 

contexts: 

(A H, A # H , A .  AA#H,A#H AAH, OL, ~) 0~: A @AX A ~ A # H  

~: A @A#H A ~ A H, and 

(A H, P,A H Sp ,p  SAn , o~', fl'}, OL': S @p S ~ A H, fl': S @A H S ---4 P. 

It is easy to see that 

( A # H ,  P,p S @A H AA#H,A# H A @An Sp, % 6) 

is a Morita context, where 

" y : A @ S @ S @ A  I | 1 7 4  ~ , A # H ,  

: S @ A @ A @ S  I | 1 7 4  ~' ,P.  

Since A / A  g is H*-Galois, a is surjective; since (kG)* is semisimple, a ~ is surjec- 

tive. So % is surjective and we can apply Proposition 3.8. 

Finally, the following result complements Theorem 1.3(2). 

COROLLARY 3.12: / f  A has an dement  of trace 1 and A e  is strongly graded, 

then AG#(kG)* - Mod is equivalent with a quotient category of A # H  - Mod. 
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